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Two partitions P= (Pi, . . . . P,) and P’ = (Pi, . . . . P;) of a given underlying set are 
called qualitatively independent if Pin P; # I;zI for all i, j (1 < i, j < t). It is shown 
there exist at most $(t$$/::l) pairwise qualitatively independent t-partitions on n 
elements, and constructions of size O(t(““gr)” ) are given. Also, collections of r-wise 
independent partitions are considered. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Let X be an n-element underlying set and, for i= 1, . . . . N, let 
P, = (P,‘, . ..) Pi) be a partition of X into t disjoint sets. The collection 
B = (P,: 1 < i < N) is called qualitatively r-independent (or r-QI, for short), 
if for every possible choice of distinct il, . . . . i, (1 < ik 6 N) and arbitrary 
J1,...,jr (l<j,<tt), 
Ph n 1, ... nP~#@. 
The following problem was raised by RCnyi [lo]. For given integers n, t, r 
(n > t B 2, r > 2), determine the maximum number N = N(n, t, I) for 
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which there exists an r-Q1 colection B of N t-partitions of an n-element 
underlying set. 
The motivation of this problem is obvious, when probability theory is 
kept in mind: One should design a series of experiments which are more or 
less independent (according to the value of r). On the other hand, the 
question of finding N(n, t, r) is closely related to the following problem 
concerning separating partitions: 
For given natural numbers n > t 2 r z 2, find the minimum cardinality of 
a family 9 of t-partitions of an n-element underlying set X such that for all 
r-tuples of distinct elements x1, . . . . x, E X there is a P E 9 containing these 
elements in r distinct classes. 
It has been proved in [S] that for fixed t and r there are 2”r+-QI 
partitions and c:,~ log n separating partitions on an n-element set (for some 
constants c,, I and CL,,). It seems to be difficult, however, to give an explicit 
(simple and direct) description either of a large (i.e., exponential) QI 
collection of partitions or of a small (i.e., logarithmic) family of separating 
partitions. 
As pointed out in [S], the two problems are equivalent in this sense: 
From an exponential QI collection, one can construct a logarithmic 
separating family and vice versa. 
A collection of 2c@“og*n r-Q1 t-partitions was constructed in [8] (here 
log* denotes iterated logarithm), and later a separating family of c:,~ log 
n t-partitions was given by Friedman [3]. Alon [l] used the result of [3] 
to construct an exponential-size QI collection; in the particular case, t = 2. 
We note that, by the equivalence mentioned above, Friedman’s construc- 
tion can be transformed to a large r-Q1 family for every r 3 2. 
Note further that QI- and separating partitions have some interest not 
only in themselves but also because they have proved to be really useful in 
a variety of applications in problems of “effective” encoding, such as the 
dimension (or intersection number) of a graph [8] and constructions of 
formulae for some Boolean functions [3] (see also [S, 61); also they are 
related to error correcting codes (cf. [ 11). 
The aim of our note is to improve the order of magnitude of the best 
known upper bound on N(n, t, r), given in [8], and also to provide some 
new constructions for r = 2, yielding 2-QI collections larger than those 
defined in subsequent works [9,8]. Finally, a general lower bound is 
obtained by a simple probabilistic argument. 
2. RESULTS 
It was shown in [S] that N(n, t, 2) < (l/t)(et)““. In our first result we 
prove that the base et can be replaced by a constant. 
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THEOREM I. For every n and t, 
1 C2nltl 
N(n, t, 2) 6 
( 1 2 b/t1 
= o(4R’r/Jz). 
Proof. Let 9’ be a 2-QI collection of t-partitions of n elements, with 
(91=N(n, t,2)=N. For Pi~9”, Pi=(P,’ ,..., Pi), suppose that jP,ll< 
IPfj < ..- < 1 PiI (whenever 1 d i < N). Clearly, 1 Pi 1 + 1 PfI 6 2n/t holds for 
all i. Consider the following two set systems of 2N sets: 
d={A,:Ai=Pf for l<i<N, 
Ai= PfwN for N+ 1 bi<2N}, 
93={B,:B,=Pffor l<i<N, 
Bj= Pf-, for N+lQi<2N). 
Since B is a 2-QI collection, the members of the set systems & and g 
satisfy 
AinBi=@ for all i, 1 d i 6 2N, 
AinBj#fa for i#j, l<i,j<2N. 
Thus, applying an inequality of Boliobh [Z], we obtain 
Hence, N Q $( cI$#). 1 
For t large, a possible way of obtaining a slight improvement in the 
estimate is sketched in [ 111. For t = 2, however, Theorem 1 is sharp, as 
observed by Katona [4] and Kleitman and Spencer [7]. 
According to the inequality N(n, t, r) d iV(n/T2, t, 2) (cf. [g]), 
Theorem 1 yields the following estimate in the general case. 
THEOREM 1’. For every t >, 2, there is a constant c = c, such that for all n 
and r, N(n, t, r) d CYSTS”-‘/&. 
Now we consider the case r = 2. For all prime powers t, an infinite class 
of fairly large collections 9 was constructed in [S]. The method given 
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there, however, works only if n = t2tk (k = 1,2, . ..). i.e., for a rather sparse 
subset of the natural numbers. The followng idea can be applied for all 
n = k(t2 - t) + t (k= 1,2, . ..). i.e., for a set of positive density (for every 
fixed prime power t) and also yields an improvement in the exponent of the 
lower bound. 
Let us say that 9’ is a QI’ collection if for all distinct pairs iI, i,, 
p!pP~=@ 
is required only for distinct j, , j2. Denote by N’= N’(n, t) the maximum 
number of t-partitions of an n-element set, in a QI’ collection. 
LEMMA 2. (i) For all n and t, N(n, t, 2) < N’(rz, t) < N(n + t, t, 2). 
(ii) For all nI, n2, and t, N’(n, + n2, t) > N’(nl, t) N’(n2, t). 
(iii) For every prime power t, N’( t2 - t, t) > t. 
Proo$ (i) The first inequality is trivial. For proving the second one, 
suppose that B = (P,: 1 Q i< N’(n, t)} is a QI’ collection, where 
P, = (P,‘) . ..) Pf). Add t new elements xi, . . . . xi to the underlying set and 
define Q{ = Pi u ix;}. Clearly, 9 = { Qi: 1< i < N’(n, t)} is a QI collection 
of t-partitions Qi = (Qt , . . . . Q:) on n + t elements. 
(ii) Let B=(P,:l<i<N’(n,,t)} and 5?={Q,:l<i<N’(n,, t)> be 
QI’ collections of t-partitions Pi = (Pf , . . . . Pi) and Qi= (Qf , ..,, Q:) of an 
n,-element and an n,-element underlying set X, and X2, respectively. For 
each Pi E .P and Qj E 9, define a t-partition R, of the (nI + n,)-element set 
X,uX, as Rii=(PjuQ,l,..., Pf u Qj). For distinct R, and Ri.,f, i # i’ or 
j # j’. Say, Pi # Pr . Then the existence of the required non-empty intersec- 
tions follows from the fact that B is a QI’-collection. 
(iii) Let pl, . . . . pI + 1 be the points of a (fixed) line I in a finite projec- 
tive plane 17 of order t. Deleting I and its points from I7, t + 1 partitions 
p P,,l 1, ..‘, of l7\l are obtained, where Pi= (Pf, . . . . Pf) and P{u (p,} is a 
line of 17 for all i and j, 16 i < t + 1, 1 d j < t. By the incidence axioms, 
each Pi (1 < i, j < t) intersects Pi+ 1 = { ql, . . . . qr }, and P{ CI P:+ 1 # PC n Pj+ 1 
for j # j’. Hence, we may suppose P{ n P:+ I = { qj). One can see that, under 
these assumptions, 9 = {P, , P,, . . . . Pt > is a QI’ collection of t t-partitions 
of a ( t2 - t)-element underlying set. 1 
THEOREM 3. Zf t is a prime power and t2 - t is a divisor of n - t, then 
N(n, t, 2) > t(“-‘)l(‘2-t). 
Proof: Apply Lemma 2 in the following way: Start from (iii), repeat (ii) 
((n-t)/(t2-t))-1 timesforn,,=t2-tandn,=k(t2-t)(k=l,&...),and 
then use (i). 1 
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For the particular case t = 3, an even stronger lower bound can be 
proved. 
THEOREM 4. We have N(n, 3,2) 2 $( [$J). 
ProoJ: Let X be an [n/3]-element set and let 9 consist of some par- 
titions P = (PI, P2) of X. Take two further (disjoint) copies A”, A”‘, of X 
and denote by P’ = (Pi, Ph) and P” = (Pp, P;) the partitions of X’ and X”, 
resp., corresponding to P. Define the 3-partition P of Xu x’ u A”’ as 
P=(P,uP;, PiuP;‘, P;‘uP,). 
It is easy to see that 6r = (p: P E B > is a 3-QI collection whenever 9 is a 
2-QI collection. Hence, the theorem follows from the result of [4,7-j, 
mentioned below Theorem 1. i 
From Theorems 1 and 4 it follows that the order of N(n, 3,2) is between 
0(2”‘J&) and O(22”‘3/&). 
Finally, we prove a general lower bound for N(n, t, r). Our argument is 
simpler than the previous one in [8], and yields a slightly better estimate. 
THEOREM 5. We have N(n, t, r) > (er/t) en’@? 
Proof. Put N= r(er/t) em/(““)], and let X= {x1, . . . . x,). For i = 1,2, . ..) N, 
we define a “random” t-partition Pi as 
Prob(x, E P{) = l/t 
for all possible values of i, j, and k. We assume these N experiments are 
totally independent, i.e., for each of the tnN choices of i, j, k, the above 
probability is l/t, independently of any information concerning other 
values of the three parameters. 
Let Pi,, . . . . P, be r distinct partitions. For each xk E X, an ordered r-tuple 
T, = (k’, . . . . k’) can be defined: kj = I if and only if xk E Pi. There are t’ 
distinct ordered v-tuples on { 1, . . . . t }. Clearly, 9 = {P, , . . . . P,,,) is an r-QI 
collection if and only if for all possible choices of i,, . . . . i,, all these tr 
r-tuples occur among the rz Tk)s. 
The probability that a fixed r-tuple is missing for a fixed choice of 
’ 213 . . . . i, is exactly (1 - t-‘),. The number of choices is t’ for the ordered 
r-tuple and is (f) for the values i,, . . . . i,. Hence, the expected number of 
r-tuples of partitions Pi,, . . . . P, not satisfying the requirements of an r-QI 
collection is at most (c) t’( 1 - t-,)*. Since this value is less than 1 for 
N = r(er/t) en’@“)l, we obtain an r-Q1 collection 9 with a positive 
probability, i.e., there is a suitable choice of P,, . . . . P,,,. C 
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